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Abstract—The torsional problem of a penny-shaped crack at the interface between two distinctly
different materials is investigated by presenting the generalized interlayer model. Dislocation density
function and integral transform are used to reduce the problem to the singular integral equation.
Numerical examples are given to show the effects of the interlayer thickness, distribution parameter,
and local nonhomogeneous material property on the stress intensity factor which is obtained by
solving a singular integral equation. © 1997 Elsevier Science Ltd.

1. INTRODUCTION

Due to the interpenetration (Williams, 1959) between the interface crack surfaces, modes I
and II are coupled and no proper definition for the stress intensity factor is given. To
overcome this pathological phenomenon, small scale contact zones (see, e.g., Rice, 1988,
Comninou, 1977, Achenbach et al. 1979), elastic-plastic analysis (see, .g., Shih and Asaro
1988, Wang, 1990) and interlayer models (see, e.g., Atkinson, 1977, Ozturk and Erdogan,
1993, 1995, Delale and Erdogan, 1988) are presented. Erdogan has introduced an interlayer
model that depends completely on interlayer thickness and material properties. Erdogan’s
modulus distribution is given as pu,(z) = u, exp(z/hln us/n,), however, we present a more
general interlayer model: u,(z) = (a+ bz)* with distribution parameter k independent of
interlayer thickness 4 and material properties. As the limiting case, Erdogan’s modulus

distribution can be obtained as k — o0 witha = ¥ yu,, b= (\’/;73 —\Vu—l )/h. The continuity
of the elastic modulus leads to the usual square root singularity and avoids the oscillatory
behavior. As an example, by virtue of this generalized interlayer model, we treat an interface
penny-shaped crack under torsion, and the treatment is based on the use of dislocation
density function and integral transform. Numerical results, which are obtained by solving
a singular integral equation, indicate the effects of interlayer thickness, local non-
homogeneous elastic property, adjacent material combination and especially the dis-
tribution parameter &k on the stress intensity factor.

2. BASIC EQUATIONS AND SINGULAR INTEGRAL EQUATION

Consider the penny-shaped crack problem shown in Fig. 1. It is assumed that the
applied loads acting in the circumferential direction are axisymmetric. The material-1 and
material-3 may be assumed to be unbounded. Thus, the displacement U, = v and the
stress components o, and 6y, are the only nonvanishing quantities. The basic equilibrium
equations are as follows :
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Fig. 1. Interface penny-shaped crack, uy(z) =(a+bz)*, and u, = const., y; = const., us(0) = u,,
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Substituting constitutive relations

. ov; . av; v
L= .—’ L= qu. L | = 1 2
Gy, Wi 62 H Gy, ﬂl(ar r) 1 3 2; 3 ( )

into (1), we obtain

v, 1adv, v, 0%,
LT S A A j = 3
or ror g " 0z* =13 ©)

f"_z 10v, v, 0%, M/z(z)%_

or? e 2 e w2 0z 0 @
where i = 1,2, 3 refer to the materials in Fig. 1.
The boundary conditions are as follows :
64.(r,0) = 05,(r,0) 0<r< 400, (5)
vi(r,0) =v,(r,0) 0<r< +0, 6)
va(r ) = va(r b)) 2, 0
05 (r,hi) = 04.(r,hT) 0<r < +oo, (®)
a3, (r,h7) = Py =const. 0<r<e, ©)
vo(r,h) = va(r,h) 0<r < 40, (10)
o5.(r,h) = 05.(r,h) 0<r< +o0. 1y

Introducing the Hankel transform of the first order, v; can be expressed as
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V,-(",Z) = J Vi(z’p)Jl (Pr)PdP i=1,2,3,
0

where J() is the Bessel function of the first kind.
From eqns (12), (3), (4), we obtain that

2

%p—)—pzn(z,p)=0 i=1,3,
oz*

0*Vy(z,p) | 1a2(2) OV, (2, p)

2 —
o7 Tm@ ez P EA=0

Considering the regularity condition at |z| — oo, solutions can be expressed as
VI(Z,p) =A]eﬂ2 Z<0’

Vi(z,p) = Aye ™™ z>h,

and
N a+bz _ a+bz
Va(z, p) = A,(a+bz) ”Iﬁ(——lzl—p>+A3(a+bz) BKﬂ(WP) 0<z<h,,
a+bz _ a+bz
Vi(z,p) = As(a+bz) 1, Wp +A5(a+b2)"PK; —m—p h <z<h,
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(12)

(13)

(14)

15

(16)

a7

(18)

where 8 = (k—1)/2, I;(), K4() are modified Bessel functions of the first kind and the second

kind.
Defining the dislocation density function as

10
90) = Sl B = vy ).

(19)

Substituting eqns (15)—(18) into constitutive relations, and then by using boundary
conditions (5), (6), (8), (10), (11) and dislocation density function g(r), after complicated

treatment, we obtain

05 (r, hy) = po (hy )JC K(s,r)g(s)sds,

0

where

-+

KGs.r) = j " (o) (oP)o(ps) dp.

0
D(p) is given in the Appendix. K(s, r) can be further expressed as

K(s,r) = K,(s,r) + K,(s, 1),

K. (s,r) = f w(D(p)—a)le (pr)Jo(ps) dp,

0

(20)

@n

(22).

(23)
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B + oo _ 1 —s—r+2rM(s,r)
K(s,7) =2 J pJ3 (pr)do(ps) dp = n[s(s_,)+ =) ] (24)

. 1
o = ﬂHIPw D(p) = — 5’ (25)
where
s /s
~E<—) s<r,
ro\r
M(s,r) = (26)

E and K are complete elliptic integrals of the second and first kind, respectively. Thus, by
using eqn (9), eqn (20) is converted to

‘[ —a 1 —2rM(s,
P = uz(hl)j [—5? 45K, (5,7) + ng‘g(s) ds 0<r<e, (27)
ol ™ s—r m §2—r
so we obtain a singular integral equation with the generalized Cauchy kernel. We introduce
gls) =—— 0<s<eg, (28)
s

using methods developed by Erdogan (1975), we obtain the characteristic equations as
ctg(rd) =0, cos(nd) = 1. (29)

Here the problem under consideration is of axisymmetric torsion, so there exists v,(0,z) = 0.
The admissible root of (29) is

, 0=0. (30)

|-

The single-valued condition can be obtained from the definition of g(s)

‘r sg(s)ds = 0. (31)

0

3. THE SOLUTION
Equations (27) and (31) can be solved after normalizing the interval by defining
141 _I+x

sS=——2¢, r=

2 2

c. (32)

Equations (27) and (31) are converted to
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! o 1 Py
~—~—-+ L x) G(rydr = , (33)
j»l[n 1 Q( )} @ #a(hy)
1
j (1+HG(H dr = 0, (34)
where
2 ]
01, x) = [SK (14 - rotr —M{E—Q] : 395
87 —r s ={1~+1j/2c,r=(1+x)/2
T+r
G(r) = g<~2—— c>. (36)
We use a numerical method developed by Erdogan (1975). G(¢) is expressed as
F(1) 1
G(t) = —= . 37
\/i +1 \/1-:7
Expanding F(¢) in forms of Chebyshev polynomials gives
F(ny =Y B,T,(). (38)
n=0
Using the properties of Chebyshev polynomials as follows:
0 n=290 —-l<x<l,
1‘[1 T.(0) dt U,_1(x) n=12,... —l<x<l,
- L I
Tlo(t—x)/1-1 [x] [ 4x|w/x“—l:]”
- x— n=0,1,... |x]>1, 39
x/¥ =1 x o
we obtain
1 F(1ydt BT & i)
B,U; m , 40)
J—l(t~ Xpd /1 —12 Z -1 n) = lelzln(fz‘“ ) 1; Z(fl“x ) (
where
2/—1
T.(t) =0, t,=cos< 2 n), [=1,...n (41)
U,_(x,) =0, xmzcos(?nﬁ} m=1...n-1 (42)

Equation (34) can be converted to

,J (+0F(n)ds i 1+t,F(t[) “0 43)

\/l—t‘ fas

Thus, eqns (33) and (34) become
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c F(1,) Py
;[ jl n ()
2

(44)
1+

F(t) = 0.

F(1)) can be obtained by solving this system of linear algebraic equations.
In deriving the singular integral equation, we find that the right-hand side of eqn (27)
represents a;,(r, ;) within (0, ¢) as well as outside (0, ¢), that is to say

o —a 1 os+r—2rM(s, ¥
ng(r,h1)=ﬂz(h1)J [—'—+5Kn(3,")+"—'—“—, 2( )jly(s)ds r>c. (45
ol T S§—7r n §T—r

Substituting eqn (45) into the definition of stress intensity factor
Ky = lim \/2(r—c)aj.(r, b)) (46)

and using eqns (36)—(39), we obtain

1 5]
K, = —5#2(h|)\/§n§03n- 47)

From eqn (38) it can be obtained that
Z B, T,(1) = Z B, = F(1), (48)
n=0 n=0

s0 we obtain

1
- —zuz(ho\@m), (49)

where F(1) can be obtained by interpolation.
The strain energy release rate

c+dcl
Pde= j 5051, )2 (r— de, B ) —va(r— de, )] dr. (50)

Using the asymptotic relations

K

2 h) x8———, 51
a()z(r’ ) \/Z(T?) ( )
Vo (7Y = va(r ) 2———% K. (52)

The above two relations can be asymptotically obtained from eqns (46), (19), (36), (37)
and (49), and we can obtain that

(53)
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Fig. 2. Effect of the position of the crack on the stress intensity factor for various interlayer
thicknesses.

4. RESULTS AND DISCUSSION

The stress intensity factor and strain energy release rate in numerical example are
normalized as

Ko = K3 /(Por/)s V=, 8/(Pic). (54)

In numerical procedure, for the fixed interlayer thickness //c and fixed material combination
/13, the number of discrete points # is effected by the crack position A,/k, as the crack
approaches the stiffer medium, the number of n will increase to keep the desired accuracy.
However, in our numerical example, » = 39 can make sure that the results are accurate
within 0.00001 at least.

In Fig. 2, different than the earlier conclusion for a piecewise homogeneous layered
medium, which indicates that if the crack approaches a stiffer medium, the stress intensity
factor decreases, the results from our nonhomogeneous interlayer model show that the
stress intensity factor increases with an increase in the value of A, /h as p; < pa(p,/ps = 1/3).
The results in Fig. 2 indicate that, as the value of A,/ increases, the increase in the
stress intensity factor results from the increase in the local elastic modulus, and the local
nonhomogeneous elastic modulus u,(z) determines the stress intensity factor rather than
the elastic properties of the adjacent materials.

In Fig. 3, the results indicate that, with u,/u; = 1/3, for various interlayer thicknesses,
the increase in the local nonhomogeneous elastic modulus results in the decrease in the
strain energy release rate, and as the interlayer thickness 4/c — 0, the strain energy release
rate approaches the constant that represents the strain energy release rate as 2 = 0. It can
be seen that the strain energy release rate keeps continuity as interlayer thickness approaches
Zero.

In Fig. 4, with i,/h = 0.5, u,/u; = 1/3, the results indicate that the stress intensity factor
decreases with an increase in the interlayer thickness 4/c for various distribution parameters,
and on the other hand, it can be seen that, for any fixed interlayer thickness, the stress
intensity factor decreases with the increase in the distribution parameter as the crack
position is situated at the center of the interlayer.

In Figs 5 and 6, we give the case where A/c = 0.1, u,/u; = 1/3. First, we find the
dependence of the stress intensity factor and strain energy release rate on the value of 4,/h
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Fig. 3. Effect of the position of the crack on the strain energy release rate for various interlayer
thicknesses.
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Fig. 4. Effect of the interlayer thickness on the stress intensity factor for various distribution
parameters.

as in Fig. 2 and Fig. 3. Secondly, the results indicate that the distribution parameter k
inserts remarkable effect on the stress intensity factor, in Fig. 5, with any fixed 4,/ in the
domain of about 0-0.037 or 0.9-1, the effect of the distribution parameter on the stress
intensity factor is contrary to that with any fixed value of 4,/ in the domain of about
0.037-0.9, and the results in Fig. 6 show that the strain energy release rate increases with
an increase in the distribution parameter for any fixed crack position.
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Fig. 5. Effect of the distribution parameter on the stress intensity factor for various crack positions.
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Fig. 6. Effect of the distribution parameter on the strain energy release rate for various crack
positions.

In Fig. 7, with k =2, h/c = 0.1, the results indicate that, as 4,/h > 0.6, the stress
intensity factor steeply decreases with the increase in the value of u,/us, and for h;/h = 0.2
or h/h = 0.4, as the value of y,/u, increases, after a dramatic decrease, the stress intensity
factor slowly increases, as for the case where 4 /h = 0, the stress intensity factor gradually
increases with the increase in the value of u,/u;. Noticing that the difference in the value of
i/ us reflects the difference in local nonhomogeneous elastic modulus u,(z) = (a+ bz)* with
a= "\/E ,b= ("‘\/,u_3 —"\/u_, )/h, we again see the effect of local nonhomogeneous elastic
modulus on the stress intensity factor for any fixed crack position.
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Fig. 7. Effect of the material combination on the stress intensity factor for various crack positions.
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APPENDIX

_ [Lei(Laz —pLi2)+ Lea(pL1y — Ly ) L1 (0L32 + Laz) ~ Lea(pL31 + Ly )]
(Lsi Loz — Lo Lsx)[(pL1y ~ Ly )(pLyz + Laz) — (pL3y + Lay YLy, — L))
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